
DATA SCIENCE

Statistics for Data Science

Central Limit Theorem and Density Estimation



Where We Are

From Data to Probability

So far, we have discussed:

Random variables
Discrete variables
Continuous variables

Probability distributions
PMF for discrete random variables
PDF for continuous random variables
CDF
Common distributions

Today:

We move from knowing a distribution to learning a distribution from data.



POPULATION TO SAMPLE

Data science decisions start with a sample

Project question

Does a new website design increase the average time 
users spend on the page?

We cannot observe every future user. We randomly assign a sample to Version A or 
B, measure their sessions, and use the results to guide a decision.

Population Sample Decision
All eligible users Observed A/B participants Ship, revise, or keep testing



POPULATION TO SAMPLE

The sample mean is the project metric

Let Xᵢ be the time on page for user i.

A/B testing compares sample means to estimate a population difference.

�𝑿𝑿 =
𝟏𝟏
𝒏𝒏
�
𝒊𝒊=𝟏𝟏

𝒏𝒏

𝑿𝑿𝒊𝒊

Version A

Average time: 5.2 min

Version B

Average time: 5.6 min

Observed difference

�Δ = �𝑋𝑋𝐴𝐴 − �𝑋𝑋𝐵𝐵 Could random sampling alone explain this difference?



CENTRAL LIMIT THEOREM

Central Limit Theorem: Intuition

– Suppose we repeatedly draw random and independent samples from a population.
• Each sample has size 𝑛𝑛=100
• For each sample, we calculate the sample mean age

– Example samples:
• Sample 1 → mean age = 17.8
• Sample 2 → mean age = 18.4
• Sample 3 → mean age = 18.1
• …
• If we repeat this thousands of times, we obtain thousands of sample means.

Sampling Distribution



CENTRAL LIMIT THEOREM

What Does CLT Actually Say?

The distribution of the sample mean becomes approximately Normal as the sample size increases.

Population May be:
• Skewed
• Uniform
• Exponential
• Irregular

↓

Repeated samples
↓

Calculate one mean from each sample

↓
The sampling distribution approaches Normality.

The sample mean is an unbiased estimator of the population mean.



CENTRAL LIMIT THEOREM

What Does CLT Actually Say?

As the sample size n increases, the standard error decreases, meaning the 
sample mean becomes more stable.



POPULATION TO SAMPLE

The standard error measures uncertainty
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Suppose each version has 1,000 users. For this worked example, assume 𝑆𝑆𝑆𝑆 �Δ = 0.15 min.

Project question

Does a new website design increase the average time 
users spend on the page?
Version A

Average time: 5.2 min

Version B

Average time: 5.6 min

With independent groups, an estimated standard error is



POPULATION TO SAMPLE

A confidence interval puts a range around the A/B estimate

Under the Normal approximation and test assumptions, the interval suggests Version B 
increases mean time on page.

Project question

Does a new website design increase the average time 
users spend on the page?
Version A

Average time: 5.2 min

Version B

Average time: 5.6 min

�Δ ± 1.96 × 0.15 [0.106, 0.694] minutes

Approximate 97% interval
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WHY ESTIMATE DENSITY

In a project, the distribution is usually unknown

Suppose we observe:

Response time (ms)

20  22  25  21  23  28  30
...
150 200 450

If we know the distribution, we can ask:
• What is the probability that response time > 100 ms?
• What is the 95th percentile?
• What counts as an unusual response?
• What threshold should trigger an alert?



WHY ESTIMATE DENSITY

Why Is Knowing the Distribution Important?

A probability distribution summarizes how likely different values are.
Knowing the distribution helps us:

Understand the data
Calculate probabilities
Identify unusual observations
Estimate percentiles
Simulate new observations
Build statistical models
Detect anomalies
Make predictions
Quantify uncertainty



WHY ESTIMATE DENSITY

Use observed data to estimate the underlying distribution

Previously

If X ~ Normal(μ, σ²), we can 
calculate probabilities from its PDF.

In practice

We often have observations x₁, …, xₙ but 
do not know the population distribution.

Goal: use observed data to estimate the underlying density f(x).

This is the density estimation problem.



PARAMETRIC VS NON-PARAMETRIC

Parametric vs. Non-Parametric

There are two major approaches:

• Parametric Density Estimation: Assume a particular family of distributions.
• Non-Parametric Density Estimation: Make fewer assumptions about the distribution.

Parametric Non-parametric

Assumption Choose a family, such as Normal Make fewer shape assumptions

What is estimated A fixed set of parameters A density that can adapt to the data

Example Normal model Histogram or KDE

Strength Compact and interpretable Can capture skew or multiple peaks

Risk Wrong family misses structure Needs data and tuning



PARAMETRIC VS NON-PARAMETRIC

Parametric Density Estimation

Suppose the spending data look roughly Normal.

X ~ Normal(μ, σ²)

The model is described by μ and σ².

Estimate those parameters from the sample, then use the fitted distribution for 
probabilities or percentiles.

Choose a family → estimate parameters → fitted density



PARAMETRIC VS NON-PARAMETRIC

Example: Modeling Exam Scores

Suppose we observe:

72, 75, 81, 68, 90,
77, 84, 73, 79, 88, ...

We might hypothesize:

X∼N(μ,σ²)
Normal Distribution: parameters can be 
estimated from data by calculating the sample 
mean and sample standard deviation.

Check if it is a good fit:
• Plotting the density function and comparing the shape to the histogram.
• Sampling the density function and comparing the generated sample to the real sample.
• Using a statistical test to confirm the data fits the distribution.



METHOD OF MOMENTS

Method of Moments (MoM)

The Method of Moments estimates unknown parameters by matching:

Theoretical moments = Sample moments

Normal Distribution

Theoretical Moments

Mean:

Variance:

Exponential Distribution

Theoretical Moments

Mean:



METHOD OF MOMENTS

Strengths and Limitations of MoM

ADVANTAGES

Simple
Intuitive
Often computationally easy
Useful when moments have simple formulas

LIMITATIONS

Estimates may not be optimal
Moments may not exist
Different parameterizations can produce complicated equations
Does not directly ask which parameter values make the observed data most likely

We need a general method to estimate parameters from data. This motivates another important method:

Maximum Likelihood Estimation



MAXIMUM LIKELIHOOD

Maximum Likelihood Estimation (MLE)

Maximum Likelihood Estimation (MLE): Adjust parameters to maximize the probability of observed data.

Suppose we have a mystery coin with some probability 𝜃𝜃 of coming up heads. We flip the coin 5 
times, independent of other flips.



MAXIMUM LIKELIHOOD

Maximum Likelihood Estimation (MLE)

Maximum Likelihood Estimation (MLE): Adjust parameters to maximize the probability of observed data.



MAXIMUM LIKELIHOOD

Maximum Likelihood Estimation (MLE)

Maximum Likelihood Estimation (MLE): Adjust parameters to maximize the probability of observed data.

While it is possible to compute this derivative, it’s not always nice since we are working with products.



MAXIMUM LIKELIHOOD

Maximum Likelihood Estimation (MLE)

Maximum Likelihood Estimation (MLE): Adjust parameters to maximize the probability of observed data.



MAXIMUM LIKELIHOOD

Maximum Likelihood Estimation (MLE)

Maximum Likelihood Estimation (MLE): Adjust parameters to maximize the probability of observed data.

Useful log properties:



MAXIMUM LIKELIHOOD

Maximum Likelihood Estimation (MLE)

Test your understanding…



MAXIMUM LIKELIHOOD

MoM vs. MLE

Important:

For some models, MoM and MLE give the same answer.

For others, they can produce different estimates.

Method of Moments Maximum Likelihood

Question Do model moments match the sample? Which parameters make the data most 
likely?

Method Set theoretical moments equal to sample moments Maximize likelihood or log-likelihood

Computation Often direct May need optimization

Data science link Useful baseline method Common in probabilistic models



NON-PARAMETRIC & KDE

Non-Parametric Density Estimation

In some cases, a data sample may not resemble a common probability distribution or cannot be easily 
made to fit the distribution.

This is often the case when the data has two peaks (bimodal 
distribution) or many peaks (multimodal distribution)



NON-PARAMETRIC & KDE

Histogram as a Simple Density Estimate

The Binning Trap: Histograms seem simple, but they can be misleading.

looks unimodal looks bimodal looks noisy

https://www.nveil.com/histogram-history-binning-bias-kde/

Bin Width: 
Too small → noisy, overfitting
Too large → oversmoothed, lose structure

Visual Bias Visual Bias

So how can we avoid these arbitrary bins?



NON-PARAMETRIC & KDE

Kernel Density Estimation (KDE)

KDE estimates the density by placing a small smooth curve around every observation.

Instead of:

"How many points fall inside this bin?"

we ask:

"How much does each observation contribute to the 
density around it?"

SMOOTH LOCAL CONTRIBUTIONS

Observation

Density
Each observation adds a smooth kernel.



NON-PARAMETRIC & KDE

Kernel Density Estimation (KDE)

Imagine each observation is a small "hill."

For example:
Observation: 10

/\
/    \

/        \
-----/----------\-----

8   10   12

For many observations:

/\ /\
/  \ /\ /  \

___/____\/__\/____\____

Add all the small hills together.
The result is the estimated density.

KDE = many local contributions → one smooth density estimate

SMOOTH LOCAL CONTRIBUTIONS

Observation

Density
Each observation adds a smooth kernel.



NON-PARAMETRIC & KDE

Kernel Density Estimation (KDE)



NON-PARAMETRIC & KDE

Kernel Density Estimation (KDE)

A kernel determines the shape of the contribution from each observation.

A common choice is the Gaussian kernel:

Each observation contributes most strongly near itself.

The exact kernel shape is often less important than the choice of bandwidth.



NON-PARAMETRIC & KDE

KDE: Under-Smoothing vs. Over-Smoothing

Too small bandwidth

/\ /\ /\ /\
/  V  \_/  \/\__/  \

May capture noise.

Good bandwidth

____
__/    \___

__/          \____

Captures the general structure.

Too large bandwidth

__________
______/          \______

May hide important features.



NON-PARAMETRIC & KDE

Kernel Density Estimation (KDE)

https://mathisonian.github.io/kde/



PYTHON WORKFLOW

Density Estimation in Python

Suppose we have:

import pandas as pd
df = pd.read_csv("customers.csv")
spending = df["monthly_spending"]

Using pandas:

spending.plot(kind="density")

Or using seaborn:
import seaborn as sns
sns.kdeplot(data=spending)
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